ABSTRACT. We deal with an optimal control problem governed by a nonlinear hyperbolic initial-boundary value problem describing the perpendicular vibrations of a clamped beam against a u elastic foundation. A variable thickness of a beam plays the role of a control variable. The original equation for the deflection is regularized in order to derive necessary optimality conditions.
Introduction
Shape design optimization problems belong to the frequently solved problems with many engineering applications. Here we deal with an optimal design problem for an elastic beam vibrating against an elastic so called Winkler foundation. A variable thickness of a beam plays the role of a control variable. The similar problem for the stationary elastic Bernoulli beam is investigated in [9] . We have considered the dynamic state problem in [5] . There the equation for the deflections has the form e(x)u tt + d e 3 (x)u xx xx + q(x)u
Further we assume the distance of the middle line of the beam and the foundation to be is more suitable. In order to derive not only the existence of optimal variable thickness e but also the necessary optimality conditions we regularize We remark that instead of the function g δ we can use any not negative nondecreasing function g ∈ C 2 (R) of the variable ω vanishing for ω ≤ 0, equal to ω for ω ≥ δ and fulfilling max ω∈ [0,δ] 
Solving the state problem we apply the Galerkin method in the same way as in [1] , where the rigid obstacle acting against a beam is considered or in [2] , where the problem for an elastic plate vibrating against a rigid obstacle has been solved. The compactness method will be used in solving the minimum problem for a cost functional. We apply the approach from [3] in deriving the optimality conditions.
Solving of the state problem

Setting of the state problem
We consider a beam of the length L > 0. Its variable thickness is expressed by a positive function x → e(x), x ∈ [0, L], the positive constants ρ, b, E are the density of the material, width of the beam and the Young modulus of elasticity, μ ∈ (−1, 1) is the Poisson ratio and a positive function x → q 0 (x), x ∈ [0, L] represents the stiffness of the foundation. The beam is clamped on both ends. Let F : (0, T ] × (0, L) → R be a perpendicular load per a unit length acting on the beam. Then the vertical displacement u : (0, T ] × (0, L) → R is due to [6] a solution of the following hyperbolic equation
REGULARIZED OPTIMAL CONTROL PROBLEM We introduce the Hilbert spaces
with the inner products and the norms
We denote by V * the dual space of linear bounded functionals over V with duality pairing F, y * = F (y), F ∈ V * , y ∈ V. It is a Banach space with a norm · * defined by
The spaces V, H, V * form the Gelfand triple meaning the dense and compact embedings
If F ∈ H and y ∈ V, we set F, y * = F (y). We have really F ∈ V * due to the inequality
We define the Sobolev space
with the inner product
and the norm y 1+r = (y, y)
1+r .
IGOR BOCK -MÁRIA KEČKEMÉTYOVÁ
We set
-by L p (I; X) the Banach space of all functions y :
-by L ∞ (I; X) the space of essentially bounded functions with values in X,
-by C(Ī; X) the space of continuous functions y :
-by C k (Ī; X) for k ∈ N , the spaces of k-times continuously differentiable functions defined onĪ with values in X.
If X is a Hilbert space, we set
the Hilbert spaces with the inner products
We denote byẇ,ẅ and ... w the first, the second and the third time derivative of a function w : I → X. Further we assume
and formulate a weak solution of the problem (1)- (3).
and the initial conditions
hold.
Existence and uniqueness of the state problem
We verify the existence and uniqueness of a weak solution by the Galerkin method.
Ì ÓÖ Ñ 2.2º There exists a unique solution u of the problem (5), (6) such that
and there the following estimate holds:
We construct the Galerkin approximation u m of a solution in the following form:
After applying the theorem on a local existence and uniqueness of a solution {α 1 , . . . , α m } of the 2nd-order system of ordinary differential equations we obtain the solution u m which is defined on a certain interval
It can be extended to the whole interval [0, T ] as a consequence of a priori estimates that we prove next.
We multiply the equation (8) byα i (t) and sum up with respect to i. Let us set
IGOR BOCK -MÁRIA KEČKEMÉTYOVÁ
After integrating over I m we obtain the relation
We have |ω
follows. As the right-hand side of this estimate does not depend on t m a solution can be successively prolonged to the whole interval I with the a priori estimate
In order to achieve better a priori estimates we differentiate (8) with respect to t, multiply it byα i (t) and sum up with respect to i. We arrive at
which yields after integrating with respect to the time variable
We apply (8) for t = 0, set w i =ü m (0) and obtain
After combining the convergence in the assumption (9), the estimate (11) and the expressions (12), (13) we obtain the estimates of the acceleration and velocity terms
We proceed with the convergence of the Galerkin approximation. Applying the estimates (11), (14), the Aubin-Lions compact imbedding theorem [7] , Sobolev imbedding theorems and the interpolation theorems in Sobolev spaces [4] we obtain for a subsequence of {u m } (denoted again by {u m }) a function
The convergence process (15) implies
Functions {w i } form a basis of the space V and hence a function u fulfils for a.e.
The identity (5) follows directly after setting
Due to the differentiability of g δ , f and the relationu ∈ L ∞ (I; V ) we obtain the third time derivative
...
The estimate (14) together with the convergences (15) and the relation (17) implies the estimate (7). The proof of the uniqueness can be performed in a standard way using the Gronwall lemma and the proof of the theorem is complete.
Remark 2.3º
The constant C 0 (d, e min , e max ,ê, u 0 , v 0 , f, q) does not depend on δ for δ ∈ v(0, δ 0 ) in the estimate (7).
Remark 2.4º
After applying the approach from [8, 11.2.3] , it is possible to verify the uniqueness in the larger class of solutions withü ∈ L 2 (I; V * ).
Optimal control problem
The existence of an optimal thickness
We consider a cost functional J :
and formulate The optimal control problem P: to find a control e * ∈ E ad such that J u(e * ), e * ≤ J u(e), e for all e ∈ E ad ,
where u(e) is a (unique) weak solution of the Problem (1)-(3).
Ì ÓÖ Ñ 3.1º There exists a solution of the Optimal control problem P.
P r o o f. We use the weak lower semicontinuity property of the functional J and the compactness of the admissible set E ad of thicknesses in the space C[0, L]. Let {e n } ⊂ E ad be a minimizing sequence for (19), i.e., 
The set E ad is convex and closed and hence a weakly closed in H 2 (0, L) as the closed convex set. Then there exists a subsequence of {e n } (denoted again by {e n }) and an element e * ∈ E ad such that
The a priori estimates (7) Sobolev imbedding theorems and the Ascoli theorem on uniform convergence onĪ imply the existence of a function
and the convergences
for a chosen subsequence. Functions u n ≡ u(e n ) solve the initial value state problem (5), (6) for e ≡ e n :
We verify that u * solves the problem (5), (6) 
Really, we have
The first limit is a consequence of the inequality
the uniform convergence of {e n } to e * on [0, L] and the boundedness of {ü n } in L 2 (Q).
The second limit is due to a weak convergence ofü n ü * in L 2 (Q). Both limits then imply the first convergence in (25). The second convergence in (25) can be verified in the same way and the third convergence is the consequence of a uniform Lipschitz continuity of g δ and the convergences (21), (22). We have then u * ≡ u(e * ) due to Theorem 2.2 and hence
Then the properties (18) and (20) imply
and the proof is complete.
Necessary optimality conditions
Let us introduce the Banach space
.
In a similar way as in [3] the following theorem about Fréchet differentiability of the mapping e → u(e) can be verified.
Ì ÓÖ Ñ 3.2º The mapping u(·) : E ad → W is Fréchet differentiable and its
uniquely the operator equation
with the operators
ω(e) = u(e) + 1 2 (e − e max ), y ∈ L 2 (I; V ). P r o o f i. We verify first the existence and uniqueness of z solving the Problem (26). We apply the Galerkin method with the same basic functions w i ∈ V, i ∈ N as in the Subsection 2.2. We look for an approximate solution z m , m ∈ N of (26) fulfilling
We have the local existence of a solution z m : [0, t m ) → V fulfilling the following identity after inserting w i =ż m (t) in (29) and integrating over (0, t m ):
Using the a priori estimate (7) and the compact imbedding
we obtain the inequality
with the constants
REGULARIZED OPTIMAL CONTROL PROBLEM
We insert y = v in (33) and obtain after integration by parts and using the def-
We remark that g δ ω(e) (0, x) = 0, x∈ (0, L) due to the first row in the assumptions (4) .
Setting
and using the continuous imbedding V → H we obtain the inequalities
We conclude that w = ζ = 0 for s < 1 2C 7
. Using the stepping argument we have w = ζ = 0 on Q and the uniqueness of a solution is proved.
P r o o f i i. It remains us to verify that z ≡ z(e) is the Fréchet derivative of u(·) in e.
Let h ∈ H 2 (0, L) be such that e + h ∈ E ad . We set
Verifying
we obtain
We have
In order to estimate r(h) first we need the estimates of the right-hand side of (37). We introduce the Hilbert space
with the inner product and the norm 
Using the equality A(e + h) u(e + h) = A(e) u(e) we obtain the relations
A (e)r(h) = Φ(h) + Ψ (h),(39)
Φ(h) = − A(e + h) u(e) −A(e) u(e) −B(e)h (40)
We estimate the functionals
For y ∈ L 2 (I; V ) we have the relations
and after setting 
We can see directly from (42) the estimate
for sufficiently small h 0 . In order to receive the estimate of the same order for Ψ we need the estimates of D(h) in L 2 (I; V ) andD(h) in L 2 (I; V ). We have the relations 
A(e) u(e + h) − A(e) u(e) = − A(e + h) u(e + h) − A(e) u(e +
We multiply (45) 
⎤ ⎦ D(h)Ḋ(h) dx − A(e + h) u(e + h) − A(e) u(e + h) ,Ḋ(h)
⎫
